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Consider a smooth solution of utt - du + q(x) 1 u IP-ru = 0 3 E R3, q > 0 
and is C’, and 1 < p < 5. Assume that the initial data decay sufficiently rapidly 
at infinity, q(x) < a exp( - b 1 x I”), a, b > 0, c > 1, and for simplicity, qr < 0. 
Then the local energy decays faster than exponentially. 
1. INTRODUCTION 
It is well known that the wave-equation with space dimension odd and 23 
satisfies Huygens’ Principle; therefore, if the initial data are of compact support, 
the local energy of the solution becomes zero after finite time. In the present 
work, we show that the local energy of the solution of the equation 
t&t - Au + F(x, 24) = 0, F(x, 4~ Z 0, F(x, 0) = 0, U-1) 
in three-space, decays very rapidly (“superexponentially”) as t --t co under 
the following conditions: F satisfies a growth restriction on u, F(x, u)u 2 
(1 + P) @lx, w) dw, P > 1, and both F as a function of x and initial data 
decrease superexponentially. 
Existence, uniqueness, and smoothness of classical solutions of (1.1) with 
nice initial data are well known and can be found in Jijrgens [2], Segal [7], 
and Strauss [8]. Strauss [9] proved that for the space dimension odd and 33, 
if both F as a function of x and the initial data have compact support and F 
also satisfies certain conditions, then the local energy of the solution decays 
exponentially for large time. For linear case, see Lax and Phillips [3], and 
Morawetz [4]. Furthermore, Strauss [lo] proved that, in 3-space, if F is non- 
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linear in u, then the local energy of the solution actually decays superexpo- 
nentially for large time. The present work is an extension of Strauss’ results 
to the case that neither P as a function of x nor the initial data are of compact 
support. 
In Section 2, we first give the energy estimates (Theorem 1) following 
Morawetz [5], Strauss [II], and Cooper and Strauss [l]. We then state the 
exponential decay result of Strauss [9] in Theorem 2. We also repeat the proof 
of the superexponential decay of Strauss [lo] in Theorem 3. In Section 3, 
we give our main result in Theorem 4: Consider a smooth solution of (1.1) 
in 3-space, where, for example, F(x, U) = a(x) ( u In--l u, 1 < p < 5, q > 0, 
q c Cl, and 4 decreases superexponentially. If the initial data also decay super- 
exponentially, then the local energy decays superexponentially for large time. 
The idea of the proof is to use “cut-off functions” on both F and initial data, 
estimate the energy of the difference between the original solution and the 
“cut-off solutions,” and then apply the result of Strauss [lo] on the local energy 
of the “cut-off solutions.” It is interesting to note that our method only uses 
elementary properties of hyperbolic equations, advanced calculus, and func- 
tional analysis. All the functions in this work are real-valued. Also we need 
only work on the case t >, 0. 
2 
We shall use the following standard notations: Rk is the k-dimensiona 
Euclidean space, iz is a positive integer. Let s1 be a domain in R”, D(Q) denotes 
the usual Lebesque space with the norm ( f ItP(o) = {so ( f(x)/” dx)rl”, 
1 <P < a, IflLW = ess sup,,o 1 f(x)\, H”(Q) denotes the Sobolev space 
with the norm If lHrn(o) = {‘&al(m so / Dolf(x)lz d~}l/~, where m is a non- 
negative integer, and 01 is a multi-index. O(Q) denotes the space of functions 
which have continuously partial derivatives of order up to and including j 
(of order < 00 if j = co) in Q. C’:(Q) denotes the set of all functions E C’i(Q) 
with compact support in Q. We shall write j f lp = If ILpcRk) and 1 f ln,2 = 
1 f lHm(Rt) . When the domain of the integration is not mentioned, it is understood 
that the domain is the whole space. Let F satisfy 
FE Co, F(x, s)s 3 0, F(x, 0) = 0 for all x E Rn, s E R1, F.1) 
then we define G(x, s) = JiF(x, W) dw, for all x E Rn, s E RI. Note that G 2 0. 
Define 
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for all t > 0, t > 0, where f E Cl, and define 
THEOREM 1 (Following [5], [ 111, and [ 11). Consider a C2 solution u(x, t) 
of (l.l), x E R*, n >, 3. Assume that E[u(O)] < co and F satisfies (F.2): 
there exist 5 E Cz(R”), k E C’(R*), and constant p1 > I, (F-2) 
such that 
0<5<1, 0 < k, 0 -=l 5, G ; 5, 
5, I OT I2 ,< (VO . K) or , for all 8 E Cl(R*), 
2~5, - r2 A[ + (n - 3)5 3 0, F(x, 4s 3 (A + 1) G(x, 4 
(a - l)(Pl - 1)5 2 2 ($ + 5,), 
and 
G&G 4 < (X)-’ [(n - l)(p, - 1) t(x) - 2~ (k + S,) W] G(x, s). 
forallx~Rn,s~Rl,wh~er=~x/. 
Then 
where 
f 
m E&(t)] dt < C,E[u(O)] for all R > 0, 
0 
Proof. 
0 = (utt - Au + F(x, u)) (ut + L’u, + + u) 
= $ + V . Y + 2 + ; (G(x, u)) 
+ V . [1; ; G(x, u)] - 5,G(x, u) - v W(x, u) 
- U-%(x, u> + 5 +F(X, u)u, 
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where 
+ W) + u2-5 (=-‘I)xu2 
473 ’ 
z = g&t2 + I vu 12) + (Vu . VC) % - 5, I UT I2 
+ (+ 5 - ir) (I vu I2 - I % I”> 
+ 4-1~-3(n - 1)(2& - r2 A[ + (n - 3)5) ~8 
Moreover, 
x = 6(1 - 5&t” + I vu I”) + 5 [,, + + I w I2 + (5 . w) ut] 
_ v . 
I 
(n - 1)x 
49 b2] + 
@ - y;; - 3) #Yu2 1 n 4,l CTU2, 
and 
x = 4-u + t&h2 + I vu I”) - 5 [&utz + * / w (2 - (F . w) ut] 
where 
Hence, 
w=Vu$ 
n-l x 
-7 2 
0 a g + V . Y + &(ut2 + I Vu I") + ; G(x, u) 
+ V . [ 5 ; ‘3x, 4] + & G(x, u) 
Hence, 
02 s,.,<m X(x, T) dx - I; ,< X(x, 0) dx 
+ J‘ac,<n G(x, 4~T))r;d:_ I;,,<- G(x, 4x, 0)) dx 
&(ut2 + I Vu 12)(x, t) dx dt 
+ sUT?;.,<W& G(x, u(x, t)) dx dt 
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Hence, 
Let 
then 
T  
2 (1 s o ,Z,<R [i&4” + / vu 12>(x, t) + G(x, u(x, t))] dx dt) \ 
( I 
1 
I) 
-1 
CR = 2 ,l$& C,(x), ___ 44 > 
I m E&(t)] dt ,< C,@(O)]. 0 
COROLLARY 1. Under the assumptions of Theorem 1, given 6 > 0, for all 
C2 solutions u(x, t) with initial energy E[u(O)] < co, there is a time T such that 
ER[u(T)] < 6E[u(O)], 0 < T < C&l, where C, is as in Theorem 1. 
THEOREM 2 (Exponential Decay) ([9]). Let u(x, t) be a C2 solution of (l.l), 
x E R”, n > 3 and n is odd. Assume that F satisjes (F.l), (F.2), and (F.1): both 
F as a function of x and the initial data have compact support C{x 1 1 x ) < p> 
for some p > 1. Let u satisfy 
for all t > 0. 
rn/21+3 
u(t) E &, and 
rn/21+2 4) E f&J, (I-1) 
Given r > 0, then I$.[u(t)] < 8E[u(O)] exp(-(t - Y  - 2~) tn2/(8Cgp + 6~)) 
for all t > I + 2p, where C’s,, is CR in Theorem 1 with R = 5p. 
The space dimension is three in the rest of this paper. C will denote various 
constants in the rest of this paper. 
LEMMA 1 (Cf. Lemma 1.1 of [S]). Consider uOtt - Au, = 0, uo(x, 0) = 0, 
uOt(x, 0) = C+(X), 4 cL2 n L615, x E R3. Then 1 u. It(t) < C 14 (8l5 for some 
absolute constant C > 0 andfor all t 2 0. 
Proof. We need only prove the case $ E Co*. Define Rj and # through 
Fourier transform by 
6k) = I f I-’ &&f)>, 
j = 1,2,3, 
and 
5843 113-S 
I 5 I &s> = &o 
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Then we have 
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LEMMA 2 (Uniform Boundedness). Consider a C2 solution u(x, t) of (1 .I) 
with space dimension three. Assume that the initial data satisfy 
~EL~~H~~~,IV~IEL~,~~~*EL~~H~~CO~~~F (I4 
satis$es 
/ F(x, s)j < ol,(G(x, s))-‘~+~‘~ )s J-‘l+l (F.3) 
for all x E R3, s E RI, where or, > 0,O < Ed < 2/3,0 < c1 < 1 are constants, and 
(F.4): there exists f E L1 such that 
I F(x, 41 -G 41 f WI + W, s)>, (F.4) 
for all x E R3, s E RI, where 0~~ > 0 is a constant. 
Then u is uniformly bounded in all space-time. The uniform bound depends 
only off I+ Im , I Y Im a I # Imp I + 12.2p I # 11.2, do, al, ~1, ~2 2 ~MOII, If II , 
and some absolute constants. 
The proof is following the proof of Lemma 6 of [6]. 
LEMMA 3. Let f be a real-valued continuous function on [0, 00). Assume that 
0 d f(t) d al exp(--a,t) 
for all t > a3 , where a, , a2 , a3 > 0 are constants, and 
for all t > a3 + a5, where a, , a5 > 0, and a, > 1 are constants. We may 
assumethata4a,>1.Let6,and6besuchthat0<6,<1-S<l. 
Then 
f 0) < exd--ah 
if t > t1-6 > tso + 2a, , PO > a,, and 
al(a4as)(‘6-‘)-1 exp( -a,tsO) < e-l. 
The proof of this lemma is by an elementary iteration method. 
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THEOREM 3 (Superexponential Decay) (Following [lo]). Con&b a C2 
sozution of (1.1) with space dimension three. Assume that (F.l), (F.2), (F.3), 
(F.4), (F.I), (IA), and (1.2) are sati$ed. Assume that F also satisfies 
IF@, 41 < ,+ I s lp (*) 
for all x E Rs, s E RI, where 01~ > 0 and P > 1 are constants. Let 6 and 6, be 
constants such that 0 < 6, < 1 - 6 < 1. 
Then 
ift>t1-S>,tso+2a,,tso>a,,and 
al(a4as)(a6-1)-’ exp( -a$““) < e-l, 
where 
al = M.W(O)] + 1) p’+‘s, 
a2 = c3 In WG, + h-3), 
a3 = 6~~ a4 = /12p713 if p 3 513, 
a4 = ,/3ipB-47, ;f 1 < p < 513, 
a5 = 3~~ a6 = 513, if P b 5!3, 
a6 = P, if 1 < p < 513, 
Ed is any given constant such that 
max{O, l/3 - 29) < l s < min{l, 4/3 - 2~~) 
where c2 is from (F.3), jll > 0, depends only on N, p, q, , 012 , cI , c2 , l 3 , and some 
absolute constants, and p2 and /3; > 1 depend only on N, p, a2 , and some absolute 
constants, where N is any given un;form bound of u. 
Proof. We can write 
where 
u(x, t) = u,,(x, t) - St R(t - T) * F(., u(., T)) dr 
0 
R(x, t) = S(j x J - t)/&-t 
is the Riemann function of the wave equation, and u,, is the solution of the wave 
equation with the initial data at t = 0 same as those of u. 
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Since both F as a function of x and initial data have compact support 
C {X 1 1 x 1 < p}, by Huygens’ Principle, 
u(x, t) = -j” R(t -T)*~;‘(.,zc(~,T))L?T (l-2) 
t-30 
for t > 3p, / x / < 2p. 
For simplicity, we assume p > S/3. 
From Lemma 1, we have 
From (*), 
Define 
WWI = -W(~ll + J; ,<7 I u 12b 4 dx, for all r > 0. 
5 
Hence 
On the other hand, by Sobolev inequality, 
Z??2#?(t - T) * F(-, u(-, +I < CP~‘~(I * I&+,<&) f / vu &,,,<&~)“‘” 
Hence 
ff2,b(t)1 < /52~“~ s,‘,, (H2~[4d1)5’” dT- (4 
Since local energy of u decays exponentially and u is uniformly bounded 
in all space-time, therefore we may expect to prove that local La norm of u 
also decays exponentially. In fact, from (1.2) and (F.3), we have 
Hence we have exponential decay of localL norm of u. Therefore, by Theorem 2, 
fLM~l1 < /%@40N + 1) P ‘-‘Q exp(--tes In 2/(8C,, + 6p)), for t > 6p. (B) 
From (A) and (B), the conclusion of this theorem follows from Lemma 3 
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3 
THEOREM 4 (Main Theorem). Consider a Ca solution u(x, t) of (1.1) with 
space dimension three. 
Assume (1): (F.l), (F.2), (F.3), (F.4), (I.l), and (1.2) are satisfied, 
(2): there is a continuous function q > 0 such that 
for all x E R3, s, , s2 E RI, where p > 1 and 
0 < q(x) < b, exp(--w, I * 19, 
for some constants w,, , b, > 0, h, > 1, and for all x E R3, 
(3): there is a constant a > 2 such that 
G(x, s1 + 4 d a(G(x, sl) + G(x, G)) 
(**) 
for all x E R3, s, , s, E RI, 
(4): SUPI~I~ # I(x), I+ I(x), I V# I@)> d b exp(--wTh) for some cotunts 
b,w>O,h>l,andforallT~O, 
(5): there exist constants E, a, > 0 such that C, < aER1+E for all R 3 1, 
where C, is from Theorem 1, and 
0 < E < min{h - 1, h, - l}. 
Let r > 0 and let 6, > 0 szlch that 
(min{h, h,})-l < 6, < (1 + ~)-l. 
Then 
KMt)l < a exp(-W), (Y,p>o, X>l, 
if t is large enough, where ,!? = min{w/2, w,,/4), and h = 6, min{h, h,]. The 
dependence of 01 and the size of t can be found in the proof. 
Proof. Let gr E Com(R3), T > 1, such that gr(zc) = 1, if 1 x j < T, g’(x) = 0 
ifIxl~2T,0,(gTd1,~dC,~, / DmgT 1 < M for some constant M > 0 
which is independent of T. Then, by Lemma 2, there exists N > 0, which 
is independent of T, such that / u 1 < N and 1 uT I < N, for all T > 1, where 
UT is any C2 solution of 
u,‘, - Au= + g=F(x, u=) = 0 
UT(% 0) = g=+(x), utT(x, 0) = g’yw. 
(1.3) 
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Define 
-%%=Wl = s,,,,? &(I ft I2 + ! Vf 12h t) + g%) ‘TX, fb, 9)l dx 
for all f~ Cl and r > 0. Substracting (1.3) from (1 .l), multiplying the result 
equation by (a - u’)~, and integrating over R3 x [O, t], we have 
Jq(U - q(t)] < lqu - UT)(O)] + 2p+lN”+l ss t q/u-~~(((u-u~)~(dxd~ 0 
.t 
l/2 
+ NP 1 4 lL=v,~,>7~ o JI 
qllz i(u - u’)~ J dx dr. 
Now, 
s q I ~4 - uT I I@ - u’)t I@, 4 dx. 
G a I 4 1312 I I u - UT (2 13(T) + I 4 Im ETKU - f4(41 
< CJq(u - q(4 
and J-q’/” I(u - ~r)~ 1(x, T) d x is bounded by a constant which depends only 
on I q 1, , W and -@40)1. 
Therefore, 
ET[(u - uT)(t)] < C exp( -wTh) + Ct exp(-$woTho) + Ct exp(-wTh + pt) 
+ Ct2 exp( -$woThO + pt), 
where p > 0 is a constant which depends only on N, p, 1 q 13,s, b, , and an 
absolute constant, and C > 0 is a constant which depends only on ) $ II , 
I+$i; Y II7 h boy My NY and P. 
7 
if T 2 r. 
Let 6, and 6 be such that (1 + E)S, < So < 1 - 8 < 1, and c3 > 0 be 
such that 
max(0, l/3 - 2c2} < +z3 < minjl, 413 - 2ez}. 
For simplicity, assume p > 5/3, then by Theorem 3, 
-Qr[uT(t)l < exp(-(W”), 
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if t > P8 >/ t80 + 12T, too > 12T 3 3r, and 
,9sT12exp(-t80~, In 2/(8~,10~*T’+~ + 12T)) < e-l, 
where j3a > 0 is some constant depending only on M, I?, LX,,  4, p, cl , l z , 
es, E[u(O)], and some absolute constants. 
Let T = t81, then 
&b(t)] ,< 0: exp(-PA) + a exp(+/V), 
01,j?,a,6 >O,X > 1,if 
PIho > 4($ + 2 In t)/wO , t81h > 2(/A + In t)/w, 
t > P > PO + 12ty tso > 12P’ > 12r, 
At “‘1 exp( -tsoe3 In 2/(8a,10’*t”~‘1+” + 12t’l)) < e-l, 
where OL > 0 depends only on I 9 II, I + II , / V+ II , a, b, b0 , M, N, and p, B = 
min(w12, w,,/4j, and h = 6, min{h, h,}. 
Remark. If 1 < p < 5, q E Cl, q 3 0, q satisfies (H), and q7 < 0, then 
F(x, u) = q(x) 1 u I”” u, x E R3, satisfies the assumptions of Theorem 4 on F. 
EXAMPLE. Let F(x, u) = q(x) 1 u IF1 u, 3 < p < 5, where q > 0, q E P, 
q and all its derivatives of order 43 are uniformly bounded, and x E R3. Let 
q5 E E&(RS) and tj E H&,(R3). Th en, by Theorem 1.9 of [8], there is a unique 
solution u(x, t) of (l.l), with initial data u(x, 0) = 4(x), u,(x, 0) = #(x), such 
that u is a Cj function of t with values in H&,(R3) for j = 0, 1,2. Therefore, 
u is Ca. Let (b and # satisfy the assumption (4) of Theorem 4, and let q satisfy 
(H) and - CQ < q,. < ( p - 1 - c) r-1( 1 + ye)-lq, where 0 < E < min{l/2, 
h - 1, A0 - l}, h is from the assumption (4) of Theorem 4. Then F with 
C(x) = 1 - (1 + ( x I’)” and k(x) = ~r-~~(l + ~)s( p - 1)-l, where I = ( x 1, 
satisfies (F.2) with p, = p. In this case, CR = 2Rl-7 1 + RE)2 d, for R > 1, 
satisfies assumption (5) of Theorem 4. 
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